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. In a Fock representation, a non-surjective Bogoliubov transformation of CAR leads to a reducible 

I representation. For the case that the corresponding Bogoliubov operator has finite corank, the 

On ' decomposition into irreducible subrepresentations is clarified. In particular, it turns out that the 

number of appearing subrepresentations is completely determined by the corank. 

D 

■ 1 Introduction 



Abstract 



Unitary i.e. surjective Bogoliubov operators U correspond to Bogoliubov automorphisms gu of the 
' canonical anticommutation relations (CAR). In a Fock representation vrp, Bogoliubov automorphisms 
lead to irreducible representations. More precisely, the representation vrp o gu is again a Fock rep- 
resentation. The unitary equivalence class of ttp o gu is in a certain way classifiable by the operator 
U*PU i |,|]. 

Here we study Bogoliubov endomorphisms gy, where F is a non-surjective Bogoliubov operator. 
Throughout this paper, we consider a separable, infinite dimensional Hilbert space /C with complex 
conjugation F, and we use Araki's formalism of the selfdual CAR algebra C(/C,F) which is equivalent 
to the more familiar notion of Clifford algebras over real Hilbert spaces [|, §. We suppose that the 
corank of the Bogoliubov operator is finite. Since V is non-surjective, a representation of the form 
vrp o gy is reducible. It turns out that the decomposition into irreducibles is determined by the corank 
of V. If it is an even number, say 2N, we prove that vrp o gy decomposes into 2^ mutually equivalent 
Fock representations. The explicit form of those subrepresentations can be seen from our proofs. On 
the other hand, if the corank of V is an odd number, say 2A'" + 1, we find that irpo gy decomposes into 
2Af+i irreducibles where we have two equivalence classes of 2^ mutually equivalent subrepresentations 
each. Furthermore, we investigate what happens when those representations become restricted to the 
even subalgebra C(/C,F)"'" of C(/C,F), in both cases. It turns out that the situation then becomes 
inverted somehow. 
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2 Preliminaries 



As the underlying test function space, we consider a separable, infinite dimensional Hilbert space /C 
with an antiunitary involution F (complex conjugation), = 1, fulfilling 

{Tf,rg) = {g,f), f,gelC. 

Let Co(/C,F) be the unital *-algebra which is algebraically generated by the range of the linear em- 
bedding B : /C — > Co(/C,F), where the following relations hold, 

BifT = B{Tf), {B{f)\Big)} = {f,g)l. 

There is a unique C*-norm of Co(/C,F) which satisfies 

ll^(/)ll = ^^ll/P + \Ami^-K/,r/)p. 

The C*-completion is referred as the selfdual CAR algebra over (/C,F) and is denoted by C(/C,F). 
Elements of the set 

X(/C, T) = {V e B{1C) I [y, F] = 0, V*V = 1} 

of F commuting isometries on /C are called Bogoliubov operators. Each Bogoliubov operator V £ 
X(/C,F) induces a unital *-endomorphism gy of C(/C,F), defined by its action on generators, 

Qv{B{f)) = B{Vf), 

Qv is precisely an automorphism if V is surjective, i.e. 'keiV* = {0}. In this paper, we consider 
Bogoliubov operators with dim kery* < cxd which are Fredholm operators; we set 

My = dim kerl/* = dim cokerF = indexl/* = — indexF 

and define subsets of X(/C, F), 

X"(/C, T) = {V e X(/C, F) I My = n}. 
Now we come to the states of C(/C,F) we are interested in. 
Definition 2.1 A state to ofC{IC,T) is called quasifree, if for a// n G N 

u;{B{fi)---B{f2n+i)) = 0, (1) 

n 

u;{B{f,)...B{f2n)) = (-l)'^^signan^(i^(/<x(i))i^(/.(n+i))) (2) 

cr j = l 

holds. The sum runs over all permutations a G S2n with the property 

a{l) <a{2) <■■■ <a{n), a{j) <a{j + n), j = l,...,n. (3) 

Quasifree states are therefore completely characterized by their two point functions. Moreover, it is 
known that there is a one to one correspondence between the set of quasifree states and the set 

Q(/C, F) = {5 E B{IC) \S = S*,0<S<1, S + TSr = 1}, 

given by the formula 

co{B{frB{g)) = {f,Sg). (4) 

The quasifree state characterized by Eq. (^) will be referred as cos- A quasifree state, composed 
with a Bogoliubov endomorphism is again a quasifree state, namely we have ivs ° Qv = The 
projections in (5(/C,F) are called basis projections. For a basis projection P, the state ujp is pure and 
is called a Fock state. The corresponding GNS representation {Ti.p,-Kp, \^lp)) is irreducible, it is called 
the Fock representation. The vector \flp) € Tip is called the Fock vacuum and the representation 
space Tip is precisely the antisymmetric Fock space over PIC. Araki proved [Q] the following 
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Lemma 2.2 Let P he a basis projection and let uj be a state ofC{IC,T) which satisfies 

u:{B{f)BUr) = 0, / G PIC. (5) 

Then uj is the Fock state uj = cop. 

Powers and St0rmer developed an important criterion for the quasiequivalence of representations 
being induced by gauge invariant quasifree states. Araki Q generalized this criterion for arbitrary 
quasifree states. 

Theorem 2.3 Two quasifree states to Si and ujs2 o/C(/C,r) induce quasiequivalent representations, if 

1 1 

and only if the difference Si — S2 is Hilbert Schmidt class. 

In this paper, we study representations of the form vrp o gy. If V is surjective, i.e. V G X*^(/C,r), 
then Qv is an automorphism, V*PV again a basis projection and vrp o gy again an (irreducible) Fock 
representation, irp o gy = 7ry*py. But if V £ T"(/C,r), n > 0, then we will see that vrp o gy is 
always reducible. We are interested in the decomposition into its irreducible subrepresentations and 
their structure. The first step in this investigation is the following Lemma 2.4 which, in the frame of 
common CAR formalism, was proven by Rideau @, and, in the frame of the selfdual CAR formalism, 
has been formulated by Binnenhei [||, We define 

A^y = dim(kerF*nP/C), 

< A^y < iMy, and we choose an orthonormal basis (ONE) {kn,n = 1,2, ...,A^y} of the space 
kery* n PfC. Further we introduce the set Ijsfy of multi-indices 

Inv = {P = (/9i,/32, ...,f3i)\l<l<Ny, /3u...,pie-N, l<pi<p2<---<Pi<Ny}U {0}. 

We remark that I]\fy consists of 2^^ elements. Next we set aj = Tp{—l)7Tp{B{kj)), j = 1,2, . . . ,Ny, 
where Tp(— 1) denotes the unitary operator in B{7ip), unique up to a phase, which implements the 
automorphism a-i of C(/C,r), defined by its action on generators, 

a^i{B{f)) = -B{f) (6) 

in the Fock representation vrp. The implementing Tp(— 1) exists because a_i leaves any quasifree 
state invariant Q. We define for f3 S Inv 

Af3 = ap-^ap2---a/3j, /? 7^ 0, ^0 = 1; {Qp) = Ap\Qp). 

By Tifs we denote the subspaces of Tip being generated by the action of vrp o gy[C{IC,T)) on vectors 
|r2^), and by TTy}py the restrictions of vrp o gy to Hp, {3 G Inv- 

Lemma 2.4 Let ujp he a Fock state, ("Hp, vrp, \^p)) the corresponding Fock representation and gy a 
Bogoliubov endomorphism of C{K,,T), V G X(/C,r). Then the representation irp o gy decomposes into 
2^v cyclic subrepresentations, 

7rpogy= 4^}py (7) 

where {TLi3,7ry}py, l^i/j)) are GNS representations of the state cop o gy = ujy*py. 

However, this decomposition is a decomposition into cyclic representations, but in general not into 
irreducibles because V*PV is in general not a basis projection. In our analysis of the decomposition 
of representations irp o gy, the number My turns out to be the important quantity. It is useful to 
distinguish the even case. My = 2N, and the odd case. My = 2N + 1. 



3 The Even Case: My = 2N 



Let us begin our investigation with the special case that V £ T^(/C,r), i.e. My = 2. Then we choose 
an ONB {e+,e_} of kerV* with the property e_|_ = re_. This is always possible because kerF* is 
T-invariant since [V,T] = 0. Following Araki [|, |, in a T-invariant space it is always possible to 
choose a T-invariant ONB, say here fi and /2, Tfj = fj, j = 1,2. Then vectors 

have the required property. Now we have a look at the numbers A+, A„ G [0, 1], 

A± = {e±,Pe±). 

Since P + TPT = 1 we have A+ + A_ = 1, 

A+ + A_ = {e+,Pe+) + (e_, Pe_) = (e+, Pe+) + (Te+, PTe+) = {{P + TPT)e+, e+) = 1. 

Suppose first that one of these numbers equals zero, say A_ = 0, and therefore A+ = 1. We then have 
the case e+ G PIC and e_ G (1 — P)IC. The state cap o gy = LUy* py is then pure (a Fock state) because 
V*PV is a basis projection; namely we find 

{V*PVf = V*PVV*PV = V*P{l-\e+){e+\-\e-){e-\)PV 
= V*PV -V*\e+){e+\V = V*PV. 



But by Lemma p.4|it follows that the representation Tipogy decomposes into two equivalent irreducible 
(Fock) representations, 

TTpo gy = 7r[^\^py © T^ylpy 
The corresponding representation spaces T-6ylpy and T-6yl 

py are generated by the action of ttp o 

gy{C{K,,T)) on vectors ir^*-^-*) and iri*-^-*), respectively, 

|J7«) = |J7p), a+ = Tp{-l)TTp{B{e+)). (8) 

Now suppose the case that both numbers A± / and therefore A± 7^ 1. We argue that in this case 
Ny = 0, i.e. 'keiV* n PIC = {0}: Suppose there is a u Gkerl/* n PIC. Since v GkerV* we have to write 

V = ^+e+ -I- /i-e_, 

with complex numbers /i± G C. On the other hand, since v G PIC it follows Tv G (1 — P)1C and 
therefore 

{Vv,PTv) = 0. 

We have Tv = /i+e_ -|- p—e+, and since (e±,Pe^) = by 

(e+,Pe_) = (e+,(l - rPr)e_) = -{e+,TPe+) = -{Pe+,Te+) = -(e+,Pe_) 

this reads 

{rv,Prv) = |/i+p(e_,Pe_) + |/i_p(e+,Pe+) = + |/^i-pA+ = 0. 

But since X± both are non-zero and positive by assumption this establishes /i+ = = and therefore 
V = 0. By Lemma 2A we obtain that in this case {TCp,7rp o gy, \il.p)) is a GNS representation of the 
state ujp o gy. However, as we will see, in this case the state is a mixture Q. In the following we use 
the fact that if a state w is a mixture of two pure states wi and lj2 of a C*-algebra, uji ^ (jJ2, 

UJ = XiLUi + X2i02, Al,A2>0, Al + A2 = 1, 
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with associated GNS representations {Ti.j,'irj, j = 1,2, a GNS representation for uj is given by 

the direct sum 

{Hi © 7^2, vri © 7T2, y/Xi\^i) © \/%\^2))- 



Lemma 3.1 Let ujp be a Fock state and let (7ip,TTp, \^p)) be the corresponding Fock representation 
o/C(/C,r). Let V G T^(/C,r) be a Bogoliubov operator and choose an ONB {e+,e_} o/kerF* with the 
property that e^ = Tc- . If both numbers 

A± = (e±,Pe±) ^0, (9) 

then the state ujp o gy is a mixture of two Fock states ujp^, 

cop o gy = A+Wp^ + X^UJp_ (10) 

where the basis projections P+ and P- are explicitely given by 

= V*PV + A±V*P(^^ - E±)PV, E± = |e±)(e±|. (11) 

Moreover, the representation irp o gy is cyclic and decomposes therefore into a direct sum of two 
irreducible representations which are equivalent. 

Proof. Since the orthonormal vectors e+, e_ span the kernel of V* (i.e. the cokernel of V), generators 
B(e-^-) and i?(e_) anticommute with each generator B{Vf), f £ fC. Therefore operators 

a± = rp(-l)7rp(S(e±)) 
he in the commutant of np o gy(C{IC,T)), 

a± e TTp o gy{C{}C,T)y . 
Since A± / we have the well defined, normed vectors in T^p, 

= x~K±\np). (12) 

We define states u;+,a;_ of C(/C,r) by 

uj±{x) = (f2±|vrp o gv{x)\i}±) = Aj|:"'"(i7p|7rp o gy{x)7rp{B{e^)B{e±))\il,p), x G C(/C,r), 
such that we find 

CJp O gy = A-|-(^_|- + A_6J_ 

by {S(e+), B(e_)} = 1. We are able to compute the two point functions of u;+ and u- by reading 
the permutation formulae (^), (^ for the quasifree state u>p, 

uJ±{B[f)B{g)) = X^^{np\7rpogy{B{f)B{g))7rp{B{e^)B{e±))\np) 

= X^^LOp{B(Vf)B{Vg)B{e^)B{e±)) 

= X^^u;p{B{Vf)B{Vg))LOp{B{e^)B{e±)) 

+X^^ujp{B{Vf)B{e±))uop{B{Vg)B{e^)) 
-X-^^ujp{B{Vf)B{e^))ujp{B{Vg)B{e±)) 

= {Tf, V*PVg) + A±i(r/, V*Pe±){Tg, V*Pe^) 
-XiHTf,V*Pe^){Tg,V*Pe±). 



5 



Since V*e± = and [V, T] = we find 

{Tg,V*Pe±) = {V*TPe±,g) = {V*{T - Pr)e±,g) = -{V*Pe^,g) = -{e^,PVg). 
Hence we can write 

u±{B{f)B{g)) = {rf,P±g), 

where 

P± = V*PV + X^^V*P{E^ - E±)PV, E± = |e±)(e±|. 
Using V*E± = = E±V and r£^-|- = E^T, one finds easily the relation 

p± + rp±r = i, 

namely we compute 

P±+TP±T = V*PV + \'^^V*P{E^- E±)PV + V*{1- P)V 

+A±V*(1 - P)r(^^ - E±)T{1 - P)V 
= 1 + A±V*P(^^ - E±)PV + A±V*P(^± - E^)PV = 1. 

In the next step we show that = P± i.e. that P+ and P_ are basis projections. For simplicity we 
check at first only the case = P+. We begin with some helpful formulae. Since + E^ is the 
projection onto the kernel of V* we have 

VV* = 1-E_-E^. (13) 

By A± = (e±,Pe±) we get 

E^PE^ = X±E±, (14) 

and since (e±,Pe=p) = we find 

E+PE- = E-PE+ = 0. (15) 

Define 

P_^_i = V*PV, P+,2 = -Xl^V*PE+PV, P+,3 = X+W*PE^PV 

such that 

P+ = + P+,2 + -f+,3- 
We obtain the following list of products by using Eqs. (p^), ( p^ ) and (p^). 



p2 


= V*PV 


- V*PE+PV - V*PE^ 


-f+,1^+,2 


= (1-Ah 


:^)v*PE+pv, 


P+,lP+,3 


= a;1(i- 


- X^)V*PE^PV, 


P+,2P+,1 


= (1-Ah 


-})V*PE+PV, 


p2 


= (a;^- 


1)V*PE+PV, 


P+,2P+,3 


= 0, 




P+,3P+,1 


= a;1(i- 


- X^)V*PE^PV, 


P+,3P+,2 


= 0, 




p2 


= \+^\-[ 


[I - X-)V*PE-PV. 
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By using only A+ + A_ = 1 we compute 

3 

Pi = Yl p+,kP+,i 

k,l=l 

= V*PV + (-1 + 1 - + 1 - + A;i - 1)V*PE+PV 

+(-1 + 1 + 1 + X^^X-)V*PE^PV 
= V*PV - X^^V*PE+PV + X^W*PE_PV 
= P+- 

By interchanging all + and — indices this reads P^ = P_. We have proven that P^. and P_ are both 
basis projections, hence the states 0;+ and uj- satisfy 

u:±{B{f)B{fr) = {), /GP±/C, 

and therefore they are Fock states u}± = u>p^ by Lemma |2.2|. A s already mentioned, (Wp, vrpo^y , jJlp)) 
is a GNS representation of the state ujp o qv by LemmaTj^iJ. According to the decomposition (|l0|) of 
this state, its GNS representation therefore splits into two Fock representations. Finally we emphasize 
that these Fock representations are equivalent: The difference 

P+ - P_ = A:^^AI V*P(^_ - E+)PV 

is obviously Hilbert Schmidt class because and are rank-one-projections. Using Theorem 
one finds that ojp^ and ujp_ give rise to equivalent representations, q.e.d. 

We observe the somewhat amazing phenomenon that in the case that one of the numbers A-|_ and 
A_ vanishes, the state u)p o qv remains pure but the representation ("Hp, ttp o ^y, |0p)) is no longer 
cyclic; it splits into two equivalent irreducibles, and, on the other hand, if A-t 7^ both, then the 
representation (Tip, up o Qy,\0,p)) remains cyclic but the state ujp o gy becomes a mixture of two 
pure states. In both cases we find that vrp o gy decomposes into two equivalent irreducible (Fock) 
representations; this fact is true for each basis projection P and each V G X^(/C,r) and will be used 
for proving the main result of this section. 

Theorem 3.2 Let ivp be a Fock state and let {7ip,TTp, \i^p)) be the corresponding Fock representation 
of the selfdual CAR algebra C(/C, F). Further let V G X(/C, F) be a Bogoliubov operator with finite even 
corank, i.e. My = 2N, N G Nq, and let gy be the corresponding Bogoliubov endomorphism. Then 
the representation vrp o gy decomposes into 2^ mutually equivalent irreducible (Fock) representations. 

Proof. We choose a F-invariant ONB {en,n G N} of fC, i.e. 677, — Tctx; ^ ^ N. Further we choose ci 
F-invariant ONB {/„, n = 1, 2, . . . , 2N} of keiV*, fn = F/„, n = 1, 2, . . . , 2iV. Moreover, we define 

f2N+n = Ven, n G N. 

Since /C is the direct sum of the range of V and the kernel of V* , the set G N} forms another 

F-invariant ONB of /C and we can write 

00 

y =Y1 \hN+n){en\- 
n=l 

We define Bogoliubov operators, the unitary Vq £ ^^{K^,^), and V2 G X^(/C,F) by 

00 00 
Vo = Y\fn){en\, V2 = ^ |e„+2)(en| 

71=1 n=l 
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such that 



Since Vq is unitary Pq = VqPVq is again a basis projection, and 

TTpo Qy = vrpo O Q^^ . 

Now we can use the foregoing results iteratively. Since vrp^ is a Fock representation irp^ogy^ decomposes 
into two equivalent Fock representations, say 

TTPo o gv2 = ^p(i) © ^p(i) 

where, using Eq. (11), in any case pj^^ — V2P0V2 is Hilbert Schmidt class, j = 1, 2. In the next step, 
we find a decomposition into four equivalent Fock representations, 

TTPo ° QV2 = ^p(l) ° SV2 © (1) O = 71" (2) e TT (2) e Vr (2) e Vr (2) 

^1 ^2 ^1 ^2 ^3 ^4 

where in any case 

pj2) _ ^y^Yp^y2 ig Hilbert Schmidt class, j = 1, 2, 3, 4, and so on. At the end one 

finds 

2N 



TTpo gy = vrpo o ^{^2 = vr 



(AT) 



i=l ^ 

where pj^^ - (V^)^ PoV^^ = Pj^^ - is Hilbert Schmidt class, j = 1, 2, . . . , iV. Using Theorem 

we obtain that all representations 7Tp(N) must be mutually equivalent. The proof is complete, 

j 

q.e.d. 

Because of the decomposition of vrp o into 2^ irreducibles, there must exist a set of 2^ disjoint 
projections in BiTLp) (the projections onto invariant subspaces), commuting with vrp o Qy{C{K,,T)), 
which sum up to unity. To complete the picture, we construct such a set. By setting 

9±3 = "^(-^i =^ ^fN+j), j = 1, 2, . . . , A^, 

we find an ONB {gj,j = ±1, ±2, . . . , ±N] of kerF* with the property gj = Tg^j, j = 1,2,...N. We 
define the mutually commuting projections 

Uf = np{B{g^^YB{g^,)) G vrp o Qy{C{lC,T))' 
such that + nj = 1, J = 1, 2, . . . , A. Then we have 2''^ projections of the form 

n,„,,,...,,^ =nfn^^...n^^, e, = ±, j = i,2,...,Ar 

which have the desired properties. 



4 The odd case: Mv = 2N + 1 

Following Araki a projection F G B{K) with the property that F _L TFT and 

(l_F_rFr)/C = span{/o}, 

where /o G /C is a normed, F-invariant vector is called a partial basis projection with F-codimension 
1. By {Ti.F,T^F, \^f)) we denote the Fock representation of C{{F + FFF)/C,F) corresponding to F. 
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(Note that F is a basis projection of {{F + TFT)}C,T).) It is proven in [Q] that for such an F there 
exists an irreducible representation tt(fJo) of C(/C,r) on the Fock space Tip, uniquely determined by 



7r(^j„)(i?(/)) = -j={fo, f)TF{-l) + MB{Ff + TFTf)). (16) 

Here Tp(— 1) denotes the unitary operator which implements the automorphism a^i[B{f)) = —B{f) 
of C{{F + TFT)IC,T) in np. To the representation -Kf^pj^-^^, there corresponds the non-quasifree state 
ofC(/C,r), 

^{Fjo)i^) = {^F\'^(Pjt,){x)\ftp), X G c(/c,r). 

Araki proved the following 

Lemma 4.1 Let F be a partial basis projection with T-codimension 1 and define S £ Q{IC,T) by 

S = ^{1 + F-TFT). (17) 
Then the quasifree state u^s ofC{IC,T) decomposes according to 

Pure states ^[pjq) and 0Ji^p_f^) give rise to inequivalent representations. 

Now suppose a given Bogoliubov operator W S T^(/C,r) and an arbitrary basis projection P e B{1C). 
We claim that S = W*PW is always of the form ( |l7|) so that Lemma can be applied. 

Lemma 4.2 Let P be a basis projection of {IC,T) and W £ I^{IC,r). Then there exists a partial basis 
projection F with T-codimension 1 such that 

S = W*PW = ]^{1 + F -TFT). (19) 



By Lemma 4-1 the state ul>s = ° QW splits into two pure states. Furthermore, the representation 
TTp o decomposes into two inequivalent representations. 

Proof. Let go be the F-invariant, normed vector which spans kerVF*, and we introduce Go = |s'o)(5o|- 
We then define 

E = 4{S- S^) = 4{W*PW - W*PWW*PW) = AW*P{1 - WW*)PW = AWPGqPW. 
Since g^ is F-invariant we find 

(50,^50) = {Tgo.PTgo) = ((1 - P)5o,9o) = 1 - (50,^^50) 

and therefore 

(5o,^'5o) = ^, GoPGo = ^Go. 
This leads us to the fact that £^ is a projection, 

= im* PGqPWW* PGqPW = im*PGoP{l - Gq)PGqPW = 2E-E = E. 

On the other hand we find TET = E, 

TET = AW*TPGoPTW = 4W*{1 - P)Go(l - P)W = m*PGoPW = E 
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since W*Go = = GqW (remember that Gq is the projection onto kerVF*). Moreover, we compute 

ES = AW*PGoPWW*PW = AW*PGoP{l - Go)PW = E -^E = ^E, 
and also SE = ^E. Now we define 



F is a projection. 



f2 = 52 - -ES - -SE + -E^ = (S- -E) --E--E+-E 
2 2 4 ^4^444 



and we have the relation 



1-F- TFT = 1 - {S - ^E) - {1 - S - ^E) = E. 
Moreover, we have F _L TFT since 

FTFT = (S--E)(1-S--E) = S-S^--SE--E + -ES+\e 
^ 2 2 ^ 2 2 2 4 

11111 
= -E--E--E + -E + -E = 0. 
4 4 2 4 4 

For proving that F is a partial basis projection with F-codimension 1, it remains to be shown that E 
is a rank-one-projection. We do that by computing that its trace is one, 

tv{E) = Ati{W*PGoPW) = Ati{PGoPWW*) =4tv{PGoP{l-Go)) 

00 

= 4tr(GoP) -2tr(PGo) = 2tr(PGo) = 2 ^ PGoSn) = 2(50, P90) = 1 

where {gn,n G Nq} is any ONB of /C containing qq. Now the conditions for the application of 
Lemma [4.1| are fulfilled, therefore upo gy/ decomposes into two pure states, giving rise to inequivalent 
representations. But since [gQ^Pgo) = ^ and the normed vector qq spannes the kernel of W* , we find 
kerPF* n P/C = {0} and therefore {TLp^irp o g^r, |0p)) is a GNS representation of the state ujp o qw 
by Lemma ^.4| . It follows that vrp o g-^ decomposes into two inequivalent representations, q.e.d. 



Now we come to the general case that the corank of a Bogoliubov operator V is odd. 

Theorem 4.3 Let top be a Fock state and let ("Hp, vrp, \^p)) be the corresponding Fock representation 
of the selfdual CAR algebra C{IC,T). Further let V G X(/C,r) be a Bogoliubov operator with finite odd 
corank, i.e. My = 2A^-|-1, G Nq, and let gv be the corresponding Bogoliubov endomorphism. Then 
the representation irp o gy decomposes into 2-^+^ irreducible subrepresentations, namely we have 



^po£>y= ©A^M© ©vrL^M- (20) 




Representations vr^ are not Fock representations. Moreover, for all j,j = 1,2,...,2 , representa- 

(i) a') (i) a') 

tions and ttj^ are unitarily equivalent, also 7r_z and Tr_z are unitarily equivalent but representa- 

(i) a') 

tions vrY and 7r„ are inequivalent, and, since irreducible, disjoint. 

Proof. We choose again a L-invariant ONB {en,n G N} of fC, e„ = Tcn, n G N. Furthermore, we 
choose a F-invariant ONB {/„, n = 0, 1, . . . , 2iV} of keiV*, /„ = F/„, n = 0, 1, . . . , 2A^. We define 

f2N+n = Ven, U = 1,2, . . . 
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Then {fn, n E Nq} is an ONB of /C, too, and we can write 

oo 

^ = XI \hN+n){en\- 
n=l 

We introduce Bogoliubov operators Wi £ I^{fC,T) and W2 G X^(/C,r), 

00 CO 

Wi = Y.\fn){en\, W2 = J2\fn+2){fn\ 

n=l n=0 



such that 

^A^TTA N 

V2^ 



By Theorem |3.2| it follows that 

2JV 

TTp O ^.y = vrp^, o ^vyi 
i=i 

where vrp^. , j = 1, 2, . . . , 2^ are mutually equivalent irreducible (Fock) representations. Now we can use 
Lemma 4.2: Each vrp^ o gy^^ decomposes into two inequivalent irreducible (non-Fock) representations, 

(7) 

Since the representations ttp^. o are mutually equivalent, we can choose the it-sign such that vrY 

(?') (7) (7') (7) (7') N 

and vrY are equivalent, also 7r_ and 7r_ , and that vrY and 7r_ are disjoint, j,j = 1,2, ... ,2 , 
q.e.d. 

We have seen that in the case V G X^^+-'^(/C, F) the representation vrp o is a direct sum of 
2Af+i irreducible representations. Thus there must exist a set of 2^+^ disjoint projections in B{TLp), 
commuting with vrp o gy(C{IC,T)), which sum up to unity. By setting 

90 = g±j = -^{fj ±ifN+j), j = l,2,...,N, 

we find an ONB {gjj = 0, ±1, . . . , ±N} of keiV* with the property gj = Tg^j, j = 0,1, . . . ,N. Let 
again Tp(— 1) G B{IC) be a unitary operator which implements the automorphism q_i of C(/C,r), 
Eq. (^), in the Fock representation vrp. Since = the unitary rp(— 1) can be choosen to be 
selfadjoint, i.e. Tp{—1)'^ = 1. We have 

7Tp{B{go))Tp{-l) = -Tp{-l)7Tp{B{go)) G ttp o Qy{C{}C,r)y , 

and by i?(<^o)^ = f 1 we find that 

n± = 1(1 ± ^/2mp(i?(5o))rp(-i)) 

are disjoint projections in vrp o ^)v'(C(/C, F))'. Also the projections 

Uf = 7rp{B{g±jrB{g±j)), j = l,2,...,N 

lie in the commutant of vrp o (C(/C, F)), one has + IIJ = 1 for j = 0,1,2, N, and all these 
projections commute mutually. Now we are able to construct 2^^^ projections 

n.o,.„...,.^ =n^«nf •••n^^, e, = ±, j = o,i,...,A^ 

which have the desired properties. 

Because the decomposition of the representation vrp o ^y into irreducible subrepresentations con- 
tains here two different equivalence classes we simply conclude that vrp o ^y cannot be unitarily 
equivalent to a multiple of vrp. 
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Corollary 4.4 If V £ I{IC,T) is a Bogoliubov operator with finite odd corank, i.e. My = 2N + 1, 

N G No, then representations vrp and irp o gy cannot be quasiequivalent for any Fock representation 
vrp ofC{lC,V). 

We remark that this corollary agrees with Binnenhei's recent results on isometrical implementability 
of Bogoliubov endomorphisms |^] . 



5 Restriction to the Even Subalgebra 

We now are interested in what happens when our representations of C(/C,r) become restricted to the 
even subalgebra C(/C,r)"'" which is the algebra of fixpoints under the automorphism a_i of Eq. @, 

C(/C, r)+ = {x G C(/C, r) | a_i (x) = x}. 

We begin with a lemma which is taken from Araki's work [^]. 

Lemma 5.1 Let {7ip,7rp,\Qp)) be a Fock representation of C{IC,T). In the restriction to the even 
subalgebra C{IC,T)~^, the representation vrp splits into two irreducible subrepresentations, 

^p|c{C,r)+ = TT^ © VTp, (21) 

Representations Tip and Tip are disjoint. The commutant o/ 7rp(C(/C, F)'*') is generated by the a_i- 
implementing Tp{—1). The unitary Tp{—1) can be choosen to be selfadjoint, i.e. Tp(— 1)^ = 1. 

Remember that for a Bogoliubov operator V with My = 2N a representation vrp o gy splits into 2^ 
mutually equivalent Fock representations. Therefore 7rp o gy, when restricted to the even subalgebra, 
decomposes into 2^"'"^ irreducibles where one has two different equivalence classes of 2^ mutually 
equivalent subrepresentations each. Now suppose My = 2N + 1. What happens with representations 
of Theorem |3.2| , Eq. (pO|), in the restriction to the even subalgebra? They are associated to ir- 
reducible subrepresentations vr^p _|_ j^), Eq. (|l6|), of representations tts of C(/C,F), with corresponding 
quasifree states a;^, 5 of the form (0). We will find that the situation becomes completely inverted: 
An irreducible Fock representation vrp splits, when restricted to C(/C,F)"^, into two inequivalent irre- 
ducibles. On the other hand, such a representation -ks splits already as representation of C(/C,F) into 
two inequivalent irreducible subrepresentatins, however, these subrepresentations, when restricted to 
C(/C,F)"'", remain irreducible but become equivalent. 



Lemma 5.2 The irreducible representation iTi^pj^-^, Eq. (|iqj, of C{IC,T) remains irreducible when 
restricted to the even subalgebra C{IC,T)~^ . Moreover, in the restriction to C{IC,T)~^, representations 
'^{F,fo) '^'"'^ '^iF,-fo) become equivalent. 

Proof. For proving the irreducibilty of the restricted representation '^(fJq): we assume an operator 
A £ BiTLp) which commutes with every 7r(pjg)(x), x G C(/C,r)"'". Then we show that it follows 
A = Al, A G C, immediately. Since A G 7r(pjg)(C(/C, F)+)' the operator A commutes, in particular, 
with all representors of the subalgebra C((F -|- rFr)/C,F)+, i.e. 

[Avr(p,;o)(^)] = o> xGC((F + rFr)/c,r)+. 

But for X G C((F + rFr)/C,r)+ we have 7r(pj(,)(x) = 7rp(x) since the first summand vanishes in 
Eq. ([l6t). However, since vrp is a Fock representation of C{{F + TFT)K,,T) we conclude that the 
commutant of 7rp{C{{F + TFT)}C,T)~^) is generated by Tp(— 1) by Lemma This leads us to the 
ansatz 

A = X1 + fiTpi-l), A, /i G C. 
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Now choose a non-zero f £ {F + TFT)fC. We consider the representor of i3(/o)-B(/) G C{1C,T)~^ , 

1 



vr(F,/„)(S(/o)5(/)) = 7r(^,/„)(i?(/o))vr(^,/„)(i?(/)) = -^T^(-l)^F(i?(/)). 



We compute 



= ^(vr^(B(/)) - r^(-l)vr^(i?(/))r^(-l)) 

= V2fl7TF{B{f)). 

But since A G 7r(^jg)(C(/C, F )"'")' this commutator has to vanish. This impUes = and therefore 
A = XI. It remains to be shown that tt(fJo) Tii^p^^f^), when restricted to C(/C,r)"'", become 
equivalent. Now choose arbitrary /i,/2 G /C. By Eq. (p^) we compute 

^(F,±/o)(5(/l)S(/2)) = 

= ^(/o, /i) (/o, /2) ± ^(/o, /i)r,.(-l)7r^(S(F/2 + rFr/2)) 

±i=(/o, f2)7TF{B{Ffi + rFr/i))ri.(-i) + 7r^(i?(F/i + rFr/i))7r^(i?(F/2 + rFr/2)). 

Since Tf{-1)'kf{B{F fj + TFr/j)) = -TTF{B{Ffj + TFT fj))TF{-l), j = 1, 2, one sees easily 

7r^F,fo)(Bifi)B{h)) = TF{-l)7T^F,-fo)iB{fl)B{h))TF{-l). 

Now C(/C, r)+ is generated by such elements B(fi)B{f2). Therefore representations t^{fJq) ^iid 7r(^F,-fo) 
of C(/C,r)+ are unitarily equivalent; the equivalence is realized by rp(— 1), q.e.d. 

Now we can apply these results to representations npo gy where ^ is a Bogoliubov operator with 



finite corank. By applying Lemmata 5.1 and 5.2 to the subrepresentations of ttp o gy according to 



Theorems 3.2 and 4.3 we conclude 



Theorem 5.3 Letujp be a Fock state and let {TCp,TTp, \i^p)) be the corresponding Fock representation 
of the selfdual CAR algebra C{IC,T). Further let V G Z{IC,T) be a Bogoliubov operator with finite 
corank, and let gy be the corresponding Bogoliubov endomorphism. If the corank of V is an even 
number, say My = 2N , N G No, then the representation Tip o gy, when restricted to the even 
subalgebra C{JC,T)~^, decomposes into 2^~^^ irreducible subrepresentations, namely we have 

1 2^ \ 1 2^ \ 
TTP o Qv\c(ic,r)+ = I j ® I ^P, j • (22) 

For all = 1,2, ... , 2^ , representations VTp. and Hp^ are unitarily equivalent, also -Kp, and VTp^ are 
unitarily equivalent but representations Tit, and VTp are disjoint. On the other hand, if the corank of 
V is an odd number, say My = 2N + 1, G Nq, then the representation tt o gy, when restricted to 
C(/C,r) + , decomposes into 2^^^ mutually equivalent irreducible subrepresentations. 



6 Concluding Remarks 

We have learned into how many irreducible subrepresentations a representation vrp o gy of CAR splits 
in the case that the corank of the Bogoliubov operator V is finite. Moreover, we know something about 
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the equivalence classes of those subrepresentations. These results were gained by a suitable product 
decomposition of the Bogoliubov operator. Because one has to take into account a lot of distinctions, 
concerning the vanishing or non- vanishing of scalar products X± in each step, we did not give explicit 
formulae for those subrepresentations for the case that V £ T"'(/C,r), n > 2. However, suppose such 
a Bogoliubov operator given explicitely, it can be seen from our proofs how one has to construct the 
subrepresentations (i.e. generating vectors (^),(^) and basis projections. Lemmata 2A, step by 



step. Therefore one always obtains an explicit construction. (We remark that in the case of equivalent 
subrepresentations, the decomposition into invariant subspaces is not unique.) Moreover, we have 
seen what happens with those representations when they become restricted to the even subalgebra. 
But what happens when the corank of the Bogoliubov operator V becomes infinite? Our product 
decomposition of V then becomes infinite; one cannot receive explicit formulae in this way, moreover, 
we cannot say anything about the equivalence classes of the subrepresentations of ttp o ^y. However, 
because an ONB of kerV* then becomes infinite it is possible to construct an unbounded number of 
disjoint projections in the commutant of TTpo gv{C{JC, T)). Clearly, the representation npogy possesses 
a decomposition into infinitely many irreducibles. 
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